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ATRFOIL IN STNUSOIDAL MOTTON
IN A PULSATING STREAM

By J. Mayo Greenberg
SUMMARY

The forces and moments on a two-dimengsional airfolil executing
harmonic motions in a pulsating stream are derived on the basis of
nonstationary incompressible potential-flow theory, with the
inclusion of the effect of the continuous sheet of vortices shed
from the trailing edge. An assumption as to the form of the wake
is made with a certain degree of approximation. A comparison
with previous work applicable only to the special case of a
stationary airfoll is made by wmeans of a numerical example and
the excellent agreement obtained shows that the wake approximation
is quite sufficient. The results obtained are expected to be
ugeful in considerations of forced vibrations and flutter of
rotary-wing aircraft for which the 1lifting swfaces are in air
gtreams of variable velocity.

INTRODUCTION

The problem of an airfoil in arbitrary motion in a pulsating
stream arises in connection with rotating blades in forward motion,
for example, helicopter blades. Use of two-dimensional theory for
this problem leads to deviations from reality with respect to the
position of the wake, but, as most of the wake eflTects arise from
that part near the airfoil, the error should not be serious.

Restricted results, applicable to an airfoll at a fixed angle
of attack in a pulsating stream, have been obtained by Issacs
(reference 1). In the present paper, under the same linearizing
agsumptions as are made in the derivation in reference 1 but with
explicit consideration and simplification of the form of the wake
extending from the rear of the airfoil, the methods of Theodorsen
(reference 2) have been extended to obtain the forces on the airfoil
not only at a fixed angle of atback but also in arbitrary motlon.
The result is in closed Torm as compared with the Fourier series
result of reference 1. Inclusion of the effects of arbitrary motion
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of the airfoil presents the possibility of epplication to forced
vibrations and to flutter of helicopter blades.

v

w

o(k) = F + iG
3(x)

?

SYMBOLS

position of torsion axis of wing measured from center

nond.imensidnal pogition of torsion axis of wing
measured from center

half chord of wing

fixed part of esngle of attack measured clockwise
Trom horizontal :

varyling part of angle of attga.ck

vertical displacement, positive downward

horizontai coordinate
nondimensional coordinate

time | |

ptresm velocity

frequency

circular frequency (27v)

reduced frequency

¢ function (reference 2)

Dirac delta function (reference 3)

local static pressure

air density

‘a number determining magnitude of streem pulsations

perpendicular force

pitching moment sbout x = a, positive counter

clockwise -
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o noncirculatory velocity potential

Pp circulatory veloclity potential

U ‘streng’ch of wake discoﬁtinuity

¥ phage angle with respect to stream pulsations
AT element of vorticity

Subscri;pts:

a fiﬁed part of angle of attack

B varying part of angle of attack

v gtream velocity

h vertical displacémeht ,

0 ' with B or h, max:‘muni amplitvde; with =x, wake

position; with v, steady part
DERIVATION OF FORCES

Method.~- In a derivation parallel to that of reference 2, the
forces due to the noncirculatory flow and to the effect of the
wake are treated seperately, the usual assumptions being mede:
incompressible potential flow, two-dimensional flat-plate airfoil,
small oscillations, end plane wake extending from trailing edge to
infinity.

Noncirculatory force and moment.- Consider an airfoil of .

chord 2b at an angle of attack o + B with respect to a stream
having velocity v directed to the right (fig. 1). Let the

angle o be congtant so that the only variation in angle of
attack is due to a variation in the angle B. If the airfolil is
allowed to rotate about the point x' = a' with angular velocity

B (the dot over a gymbol denctes differentiation with respect to.”
the time +) and to move downward with a velocity 4, the velocity
normasl to the airfoil is

e(x') = -h - (o + B)v + gla' - x')
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The potential for such a normal velocity function is (see reference 2)

QaﬁbVl-x2+v(m+B)‘b‘/l-xe;B'be(%-x-)\/l-xe (1)

where

Using the equation of motion for nonstationary flow

18"2'}‘.'3" —E-+-1~W24
ot p 2 g v

D local static pressure

where

P air density
W local velocity

and substituting

v+ 2
L '

gives the pressure difference at the point x as

b= (IR Y | | @

b ox ot

Integration of this local'pressure difference over the length of the
airfoil gives as the total force

P= -npb2E+ vB +w}(a.+{5)’-‘baf:§] (3)
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The noncirculatory moment about the polnt x = a is

. l ’ . 4 : 3 1
M, = b2 f Ap(x - &) dx = -2pb° ./11~(ac;- a) g%dx + 2pvd ¢ dx

1 -1

. which becomes

Mg = —np’b2 [ 2(c:, + B) - 'ba.v(on + B) -vh + bz( ) :l (3a)

Girculatory force and moment.- The velocity potential of an
.+ olement of vorticity -Al' at a position in the wake and its
dmage Al' distributed over the airfoil isx?reference 2)

N SR RE L
£X0 2% 1 - xxg

(%)

The element -AT' moves to the right relative to the airfoil with a
veloclty v. Thus

Substituting this expression and ,.3.?‘,0. into equation (2) and

integrating the effect of the entire wa]::e on the &irfoil yields
the force

P=-pvbf 0 vaxy (5)
‘ 1 VYxo “ 1
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where U dx,; 1s the,element of vorticity AT at the point Xg-
The circulatory moment which is obtained from

M, = be /‘,,._Ap(x - a) dx
-1 : .

is, similarly,

o 1o+ 1y %0
R A L PR S e { LSS

" 'The Kutta condition requires that at the tréiling edge of the
pléte the induced velocity be equal to O; therefore, at the point

o ra (om s @ﬂ o
T Lot T =1 -
where
Py =D / Y d.xo
T 1 o

Introducing the poténtial Vfr'om equation (1) results in

s

1 xo+l A _ . ' '
--é-;.l xo-lUd_ngvh+-v.(c,+B)+ﬁb(%:-) (6)

The type of stream velocity encountered by a helicopter blade
section in forvard flight is

' im bt
v = v0<1 + ge v) (7)
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where l%{ is the period of pvleation of the stream. Tha assumption

is made that o < 1, because if ¢ > 1 there would. occur a reversal
of flow which cannot be treated by exlsting methods. In uvsual practice
¢ 2 1 only for radlal positions near the hub of a helicopter blads.

For harmonic motionz of the alrfoll

1(03;31:' + \ZIB)
0° o

1 wht.""wh) (

,

(8)
lh» = h0§

%L and =% are the periods of variation in angle of attack

and in v%r‘bical displacement respec’cively, and \PB and qfh are
phaee factors o , - _

where

Equation (6) 'becomes, after substitution of equations (7 ‘and

oo
l/ X + 1 1oyt
— - U zva,-t-vcme
1on o = Yoo + Vo

o+

] ;(%Wa}

ugsgb(L - 9 + oo

1 t+\,!
.igw%hoe <°°h &

gl
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Tt is sufficient to satliefy the Kutta condition separately for each
of the terms on the right-hend side of equation (9); therefore, a
sheet of discontinuity of the Pollowing form is set up:

U= I"q;ﬁ(eo - Io)+ U-mei(wvt-kvxo) |

Hopt-kgxg) = i(wpt-k, %)
+ Ube._ | + Upe

o UV.+53<ei [(m"*%) k"’fB%Q] (20)

where B8(» - x3) 1s the Dirac delta function (reference 3), and
where, : S o e

Wy b
kv—':"‘?-—

(o)

(0 + o)

% =

Justification for assuming this form for the wake 1s given in the
appendix. o e

Combining equations (9) and (10) and equating terms of
corresponding time variation yields



NACA TN No. 1326 | 9

o - _ ) .
1 + 1 ; ~ :
E;-ji ;E;jj*i‘raﬁﬁp - %p) dxy = Voo

or F&}a 2nvga  (the stationary circulation)

2 [T 0 e

2n v VX0 - 1l @ 0 - Y0

1 Xo + 1~ ~ikgxg 5 T 1V
= V%;f%e o = [i%ﬂob(a: o) + o ¢

for 1 -lgX Wy
B jkn {mO ) Upe dxo = lophpe

[Xo + Ty + L 'ikV+Bxb i¢h
Bx ‘[1 %o - 1 Urep® dxy = avpBge

Introducing these relations and equation (10) into equation (5) gives

+ o

ot L/Z beg
P = -2rpvb { voa + ovpae , -
| df o %,
Ly X - 1
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The gquotient of integrals occurring in this expressién is the
C function defined in reference 2 as

@ -1
.Jr; f Zo © %o ax,
o(k) = L0 :

J

The force due to the wake is, therefore,

-1
2il, 0
I -1 0

S J’ ‘ it
P = -21pvh C'ooz, + ovgal(k,)e

- 1 (g t+in)
+ {maﬂob(% - &) + Voﬁol C(kB)e wﬁ B

1 (o, tls,
+ daphaClky)e <mh )

1 Bwva )t-nrxé}}

+ cvoﬁoc(kwﬁ Je

Applying the same methods to equation (5a) as were applied to
equation (5) gives the moment due to the wake ag

M, = -npvb2 Ex+ v(e + B) + 8D %‘- a)}

' ' t
2 1
+ 21pvDb (a. + 'é') oo + uvou,c(kv)e

. E(«% - ){3 + vocs] C(kp)

t
+ ho(ky) + avOBC(kwﬁ)emv}

1326

(11)

(11a)
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Adding equations (3) and (11) gives Ffor the total force on the
airfoil

P a -npb? [h + B + v(a + B) - abb]

' t
- 21pvb {vom + avgaC(ky e

+ [‘n(% - a.)fs--a- voﬁ]c(kﬁ) + he(ky,)

_ imyt (12)
+ o'voBC(kNB)e A

-

Adding equaticns (3a) and (1la) gives for the total moment about
the point z = a

Mg = -ké‘be Er‘b(% - a)p - vba(a . 8) - beh + ba(% + ae)'é]
N . .'- . . .b
+ Estpv‘be(s. + %){\—roa + avoac(kv)emv

* En _1§ - a)é + Voﬁ]C(kB)

- L dmt ‘ (12e)
+ hC(ky,) + ovpBC(ky,p)e

Equations (12) and (12a) are applicable in any case of simple
harmonic motions of the airfoll, regardless of the meanner in which
the motion arises., For instance, change in the angle B may be
due either to a twisting of the blade or to the fact that the plane
of the helicopter disk is iInclined to the dlrvection of motion., An
obvious extension to squations (12) and (12a) to include the effect
of an aileron can be made by applying the resulis of reference 2
to the alleron potentials and forces in the same manner asg the

present application to the potentials and forces of the entire
airfoil,

If the 1Arsa.:r-:lemion in displacement or in angle of attack of the
airfoll or In stream veloclty 1s made up of a superposition of simple
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harmonic motions, equations (12) snd (12a) must be modified in a
manney indicated by 'bhe derivation.

Nunmerical example,~ For the purpose of checking the results
of the present derivation and in particular the assumption asg to
the form of the wake, a numerical example is given, and a comparison
is made with the exsmple given in referecnce 1 for the case of the
stationary alrfoil. A more direct comparison cannot be simply
obtained because the form of the wake is not given explicitly in
reference l

Tor B=h ‘-‘.s 0, equation (12) 'becomes
P = - :zpbdva. - 21tpvb [0“ + vocac(kv)eiwv’;]
If the sfoream is undsrgeling sinuscidal pulsations :of the form
| - = 'Vo(.l ';'0' :sa‘:n :zbvt)
- rrgle - tasterty]
then the squation for P bec@es‘
P = R(-npbSc) - 'R_( leavb)B'ErQ‘a, - ivocuc(kv)ei“’vﬂ {(13)

Making wee of the definitions

and (from reference 2) |
Co(k) & T4 16
and dividing equation (13) through by Lo = -2npbvy%c gives

%5 =%-ci¢§a(e”i“\rt') + R(1 - 1gelwvi)r E. - 10(F + m)emvﬂ
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vhere L, 1s the steady 1ift due to vj, alone, From the foregolng
equation, after the indicated real parts have been extracted,

> 2 ’
%a(l +9—2—-E) +a.(%+ G)cos Wyt +c(lfF) sin wyt

c2F 26
-5 cos amvt +T gin &nvt

The same values of the parameters %k, and o as those chosen 'bSr
Issacs as representative of typical helicopter practice are used;
namely, k. = 0.042h and o = 0.4, and values of the functions F

and G are taken from a tabulation in ,reierence 1. Then

%z 1.07k - 0.0395 cos w,t + 0.768 sin ot

- 0.07hk cos 2wyt - 0.0096 sin 2wt

The valus obtained by Isaacs 1s

P | e
.ﬁa = 1.079 - 0.0376 eos wyt ™+ 0,770 sin ot

- 0.079 cos 2m_t - 0.00697 sin 2ot
- 0.00061 cos 3wyt - 0.0050 sin 3ot + . ..

£y

As can readily be seen, these two expressions for the 1lift are
in very good agreement; thersfore, the present assumption concerning
the form of the weke is gquite reasonable. It 1s also to be noted
that this agreement holds for relatively large values of ¢ and
relatively small values of the frequency. Even better results can
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be expected for higher velues of ths frequemy of pulsa.tion of the
streem, as is shown in the appendix: -

CONCLUDING REMARKS

The assumption of a sinusoidal wake form behind an alrfoil in
a pulsating stream has been shown to be adequate for the derivation
of the forces and moments., The forces and moments obtained are
expected to be useful iIn conegiderations of forced vibrations and
flutter of rotary-wing aircraft for which the lifting surfaces are
in alr streamg of variable velocity.

Langley Memorial Aeronauwtical 'Laboratory' . :
National, Adviso‘f'y Committee for Aeromauvtics .
Lengléy Field, Va., September 24, 1946



NACA TN No. 1326 15
APPENDIX

FORMULATION OF THE WAKE BEHIND AN AIRFOIL IN A

PULSATING STREAM

Use_of Dirac delta function.- In order to account for the
stationary 1ift on the airfoil, that is, the 1ift due to the fixed

part vo of the stream velocity and dwe to the fixed part o

of the angle of attack it is necessary to assume that the vorticity
which has been shed at some distant past time has travelled to

an infinite distance from the airfoil and is localized there.

The delts function has the properties (reference 3)

:w ;
8{c - x) dx = 1
[ oe

1

Q{»W H{x)8(c - x) dx = £(c)

- CO

 where £(x) 1is an arbitrary function. The first of these properties,
when applied to the first term on the right-hand side of equation (10),
gives

0 ’ T
f Y‘C{’S(oo - x) dx = Pcc

so that the condition that the total vorticlty for the stationary
cage be preserved is satisfled. The second property has the
effect of localizing this total vorticity at the point x = ¢
where ¢ 18 chosen to be 1nfinite.

Sinusoidal part of wake.- Consider an airfoil moving back end
forth harmonically in a uniform stream having a velocity vn. IT
ovg 1is the maximum velocity of the airfoil, then the velocgty of
the alrfoil at any time t is given by

iwyt

VA = Gvoe
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and the position of the trailing edge relative to the equilibriwm
position of the trailing edge is (fig. 2)

’ : o t (b ‘
OV, v
= [ dt = =26 = & (% Al
o [ mee 0o |- g ()

The vortex element at the time + and at the distance &
from the equilibrium position of the trailing edge of the airfoil
is the same as thalt vortex element vhich was shed from the airfoil
at the time + - T, where T 1is the time necessary for the vortex
element to travel with velocity vg from the trailing-edge position
at time % - T +to the position &. Therefore,

1
T = =
Yo

-g(6-m)] (42)

i

Suppose that the vorticity at the trailing edge varies sinusoidally

with the frequency v = %%. Then

!_‘_A?(t) = Apoeiwt
" But

AT, = ot - 7],
o

Therefore

iw(t-1)

.Alfg,t> = Alpe.

10 {t-éa E’g”écft-;}-j }
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Referring nowv to a coordinate system the origin of which is st the
center of the moving airfoll, that is, reverting to the case of the
fixed airfoil 1in a pulsating stream, requires the transformation

Xy - 1= & - &(t)

Equation (A3) becomes

S { ’%"6' [xo-l+§0( )=, (-7 )}}

AF(Xo,'b) = APOG

(Ak)
From equation (Al) it can be seen that _E_",O;-;«O ag w,—w.
Therefore, as ;>
:l(n(t-z—g-z-}—) . o .' )
0 Vi wb-kxgtk
AD(xg,t) ~ Ale . ATpe =0 (85)

Cw
where k = This relatlion shows that for large values of the

0
frequency of pulsations in the stream, the wake form approaches
the sinusoidal form, which was used in the derivation of forces.
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